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EXISTENCE AND NON EXISTENCE RESULTS FOR THE 
SINGULAR NIRENBERG PROBLEM. 

FRANCESCA DE MARCHIS AND RAFAEL LOPEZ-SORIANO 


Abstract. In this paper we study the problem, posed by Troyanov in 
[47], of prescribing the Gaussian curvature under a conformal change of 
the metric on surfaces with conical singularities. Such geometrical prob¬ 
lem can be reduced to the solvability of a nonlinear PDE with exponential 
type non-linearity admitting a variational structure. In particular, we are 
concerned with the case where the prescribed function K changes sign. 
When the surface is the standard sphere, namely for the singular Niren- 
berg problem, we give sufficient conditions on K, concerning mainly the 
regularity of its nodal line and the topology of its positive nodal region, 
to be the Gaussian curvature of a conformal metric with assigned conical 
singularities. 

Besides, we find a class of functions on § 2 which do not verify our 
conditions and which can not be realized as the Gaussian curvature of 
any conformal metric with one conical singularity. This shows that our 
result is somehow sharp. 


1. Problem 

On a compact surface (X, g) we consider the equation 

(11) - = A (/Jw 9 -js|) - 4 '£“i (V - jq) 

Here A g denotes the Laplace-Beltrami operator, dV g the volume element 
relative to the metric g and | X | the area of X, while A is a positive parameter, 
K : X — > M is a Lipschitz function, a :J > 0, and 8 Pj is the Dirac measure 
centered at point pj £ X. 

The analysis of (1.1) is motivated by the study of vortex type configu¬ 
rations in the Electroweak theory of Glashow-Salam-Weinberg [33] and in 
Self-Dual Chern-Simons theories [27], In the monographs [45, 50], and in 
[46] the reader can find further details and a wide set of references concern¬ 
ing these applications. 

However, in this paper we focus on the geometric meaning of (1.1), which 
appears in the prescribed Gauss curvature problem. Indeed if g is a confor¬ 
mal metric to g on X, namely g = e u g, and H g , H g are the Gaussian curva¬ 
tures relative to these metrics, then the logarithm of the conformal factor 
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satisfies the equation 

(1.2) — A g u + 2H g = 2H g e u in S. 


For an assigned Lipschitz function H defined on E, a classical problem 
is to find a conformal metric g having H as the Gaussian curvature: this 
amounts to solve (1.2) with H g = H. The solvability of this problem de¬ 
pends on the Euler characteristic of E, y(E). Actually, if ,\(E) = 0, the 
problem is completely solved in [31]; whereas for the case y(E) < 0 there 
are necessary, [31], and sufficient conditions, [6, 1, 7, 23], but the problem is 
not completely settled. 

The problem of prescribing Gaussian curvature on 8 2 endowed with the 
standard metric go, proposed initially by Nirenberg, is the most delicate 
case and the known results are partial, [1, 10, 11, 13, 14, 16, 31]. For the 
Nirenberg problem, equation (1.2) can be reformulated as 


(1.3) 


- A go u = 8n 


He h 


Is 2 He u dV go 


1 

W\ 


m 


which corresponds to (1.1) with A = 87r and cq = 0 for any j. 

Throughout the paper we will refer to (1.3) as the regular Nirenberg prob¬ 
lem. More generally, problem (1.1) appears when one allows the conformal 
class to contain metrics that introduce conical-type singularities on E. 
Following the pioneer works of Troyanov [47,48], we say that (E, g) defines 
a punctured Riemann surface E \ {j >\..... p rn } that admits a conical singu¬ 
larity of order Oj > — 1 at the point pj with j = 1 ,..., m, if in a coordinate 
system z = z{p) around p :) centered at the origin, i.e. z{jpj) = 0, we have 

g(z) = \z\ 2aj e w \dz\ 2 , 


with w a smooth function. In other words, as a differentiable manifold, 
E admits a tangent cone with vertex at pj and total angle 27r(a ? + 1), for 
j = 

For a given Lipschitz function K, we seek a metric g, conformal to g 
in E \ {p\. ... . pm}, namely g = e v g in the punctured surface, admitting 
conical singularities of orders ctj' s at the points pj's and having K as the 
associated Gaussian curvature. Analogously to the regular problem, we 
can reduce such geometrical question to the solvability of the differential 
equation 

m 

(1.4) - A g v + 2Kg = 2 Ke v - 4vr ^ aj S Pj in E, 

3 = 1 

where K g is the Gaussian curvature associated to the metric g. 

Integrating (1.4) and applying the Gauss-Bonnet Theorem, one immedi¬ 
ately obtains 


r. r. m / m \ 

(1.5) 2 / Ke v dV g = 2 K g dV g + 4tt V aj = 4vr y(E) + V aM . 

• /E - /S: 3=1 V i=l J 

As for the regular case, the solvability of (1.4) depends crucially on the 
value of the generalized Euler characteristic for singular surfaces, defined 
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as follows 

m 

(1-6) X(£,a m ) = x( s ) + ^2 a j- 

3 = 1 

In [47] the case x(E, q_ m ) < 0 has been treated obtaining existence results 
analogous to the ones for the regular case, [6, 31]. 

It is worth to notice that for x(E,a m ) > 0, (1.5) implies that, if (1.4) ad¬ 
mits a solution, K has to be positive somewhere. In [47] it is proved that, if 
0 < 47rx(S, a m ) < 87t( 1 + rnirij{min {0, a,-}}), then this necessary condition 
is also sufficient to obtain existence. In general, if x(E, q_ m ) > 0, using (1.5), 
it can be seen that (1.4) can be transformed into (1.1) with A = 47rx(E, a m ) 
and the extra term 4?r j|^ — 2 K g in the right hand side. Having 471 j||| S ' > — 2 K g 
zero mean value, this difference does not play any role and we will not 
comment on this issue any further. 


Now we transform the equation (1.1) into another one which admits 
variational structure. Let q € E and G(x. q ) be the Green function of the 
Laplace-Beltrami operator on E associated to g, i.e. 

(1.7) - A g G(x, q) = S q - |^| in E, j ^ G(x, q)dV g (x ) = 0. 

Moreover, given pi,... ,p m G E and a\,... , a m 6 (—1, +oo) we define 

m m 

(1.8) h m {x) = 4-7T E a j G (x,Pj) = -2 E a,j log dist(x.pj) + h(x), 

3 =1 3 = 1 

where h is the regular part of h m . 

The change of variable 

u = v + h m 

transforms (1.1) into the equation 


(1.9) 

where 


— A gU = A 


Ke v 


Jx KeU dV g 



in E, 


(1.10) K = Ke~ hm . 

Notice that since G has the asymptotic behavior G(x,pj ) ~ — ^ log(dist.(.x,p ? )), 
then 

K(x) ~ dist(j)j, x) 2oij e~ h ^K(x) close to pj. 

A possible strategy, meaningful also from the physical point of view, is 
to study (1.9) for A positive independent on E and a m and to deduce a 
posteriori the answer to the geometric question taking A = 47rx(E, a m ) > 0. 

Under the hypotheses K > 0 and aij > 0, Bartolucci and Tarantello, [5], 
proved a concentration-compactness result which implies that blow-up can 
occur only if A belongs to the following discrete set of values 

m 

8nr + ^2 8vr(l + (Xj)rij \ r € N U {0}, rij € {0,1} > . 

i=i J 


(1.11) T(a m ) 
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Besides, they also proved an existence result for (1.9) on surfaces with posi¬ 
tive genus and A e (8n, 167 r)\T(a m ), generalized by Bartolucci, De Marchis 
and Malchiodi in [2], obtaining solvability for any A € ( 87 r, +oo) \ T(a m ). 
The case K > 0 and aj < 0 has been analyzed in [ 8 ] and [9]. 

Again, the problem in the sphere is more delicate. In the case m = 2 
and positive constant curvature, Troyanov, [48], showed that (1.9) admits 
solutions only if a\ = «2 (see also [3]) and this implies (taking a 2 = 0) 
that (1.9) does not admit solutions for m = 1 (see also [4]). In other words, 
the tear drop conical singularity on § 2 does not admit constant curvature. 
Besides, for m = 2, Chen and Li, [17], gave necessary conditions on K for 
the solvability. Eremenko in [28] studied the case of prescribing constant 
positive curvature with three conical singularities. Without restrictions on 
the number of singularities, Malchiodi and Ruiz, [38], derived an existence 
result under some extra assumptions for A £ (8tt, 167 t) \ T (o rn ). We also 
refer the reader to [40], where the authors gave a criterion for the existence 
of a metric of constant curvature on or. In a recent deep paper, [20], Chen 
and Lin computed the Leray-Schauder degree of (1.1) for A (ji T(a m ) recov¬ 
ering some of the previous existence results and deriving new ones in the 
case x(£) > 0. Anyway on the sphere there are still different situations in 
which the degree is zero and the solvability is not known. 

In this paper we consider the problem on the unit 2-sphere § 2 endowed 
with the standard metric go, focusing on the case of K sign-changing, which, 
as far as we know, has not been studied yet for general singular surfaces 
with an arbitrary number of conical singularities. This situation is admis¬ 
sible from the geometrical point of view, indeed, as already remarked, if 
x(§ 2 . u„J > 0 Gauss-Bonnet only rules out the possibility that K is non 
positive. 

Thus from now on we will assume 

(HI) K sign-changing, namely K(x)K(y) < 0 for some x, y <G § 2 . 

Since problem (1.9) has a variational structure, its solutions can be found 
as critical points of the energy functional 



( 1 . 12 ) 


defined in the domain 

(1.13) X = G H\E, 2 ) I J Ke u dV go > 0 j . 

Notice that hypothesis (HI) implies that X is not empty. 

Moreover the functional I\ is invariant under addition of constants, as well 
as problem (1.9). 

Let k £ N \ {0}, we study the case 


A £ ( 87 rk, 8ir(k + 1)) 


for which the functional I\ is not bounded below and we will use a min- 
max scheme to find solutions of (1.9). In this direction, we define the sets 


S ± = {x£ § 2 | K(x) ^ 0}, S° = {x£ § 2 | K{x) = 0}, 


EXISTENCE AND NON EXISTENCE RESULTS FOR THE SINGULAR NIRENBERG PROBLEM. 5 


and introduce the extra assumptions 

(H2) K G C 2 , "(H), for some neighborhood V of dS + , 

VK(x) / 0 for any x G dS + , 

(H3) pj ^ dS + for all j € {1,..., m). 

Hypothesis (H2) implies that the nodal line dS + C S° is regular, that 

(1.14) N + = ^{connected components of S' -1 "} < +oo 

and that (5° fl dS + ) \ dS~ = 0, but it does not exclude that S° \ dS + is non 
empty. 

On the other hand by virtue of (H3), we can suppose, up to reordering, that 
there exists £ € {0,... ,m} such that 

(1.15) 

Pj € S + for j € {1 ..., £}, pj G S U ( S° \ dS + ) for j € {£ + 1,..., m}. 

As we will see the conical singularities located in S~ U (5° \ dS + ) do not 
play any role. 

We state the fourth assumption on K 

(H4) N~ > k or S + has a connected component which is non-simply 
connected. 

Notice that for some functions K both hypotheses in (H4) are fulfilled. 

We are ready to enunciate our first existence result. 

Theorem 1.1. Letpi,...,p m € § 2 , ai,...,a m > 0, 47 ry(S 2 ,a m ) ^ T(a £ ), 
where £ is defined in (1.15). Then any function K defined on § 2 and satisfying 
(HI), (H2), (H3) and (H4) is the Gaussian curvature of at least one metric confor¬ 
mal to go and having at pj a conical singularity with order aj. 

The previous result is a direct consequence of the following theorem. 

Theorem 1.2. Let pi,... ,p m € § 2 , «i,..., a m > 0 and let K he a function on 
§ 2 satisfying (HI), (H2), (H3) and (H4). Suppose that Ao G (8tt, +oo) \ T(oc I ), 
where £ is defined in (1.15), then (1.9) admits a solution for A = Ao with (£,y) = 
(§ 2 Wo)- 

In case that k = 1, i.e. A G ( 87 r, 16tt), and a\,... ,ag G (0,1] we can de¬ 
scribe the topology of the sublevels of I\ in a more accurate way depending 
on the order of the singularities located in S + . In particular, we set 

(1.16) J\ = {pj G S + | A < 87t(1 + aj)} 

and we introduce the fifth hypothesis 
(H5) J Ao / 0. 

Theorem 1.3. Let p 1 ,...,p m G § 2 , ai,...,a e G (0,1], a £+1 > 0 

and let Ao = 47 ry(§ 2 ,a m ) G ( 871 , 167 t) \ T(af), where £ is defined in (1.15). 
Then any function I\ defined on § 2 and satisfying (HI), (H2), (H3) and (H5) is 
the Gaussian curvature of at least one metric conformal to go and having at pj a 
conical singularity with order aj. 

Theorem 1.3 can be deduced from the following result. 
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Theorem 1.4. Let pi,...,p m £ § 2 , ati,...,a£ £ (0,1], a^ + 1 ,..., a m > 0 and 
let K be a function on § 2 satisfying (HI), (H2), (H3) and (H5). Suppose that 
Ao € (87 t, 167t) \ T (af), where t is defined in (1.15), then (1.9) admits a solution 
for A = A 0 with (E,g) = (S 2 ,g 0 ). 


Proofs of Theorem 1.2 and Theorem 1.4 are based on a minmax argu¬ 
ment, relying in turn on the study of the low sublevels of the functional I\, 
in the spirit of [2, 25, 26, 38]. 

Once Ao £ (8irk, 8ir(k + 1)), for some k £ N, is fixed, the strategy is to 
find a compact non contractible topological space C and two maps i : C —> 
{I\ < —L}, (5 : {I\ < —L} -A C for L > 0 sufficiently large, such that 6 o i 
is homotopically equivalent to the identity map on C. 

This immediately implies that i(C) is non contractible. 

Then we consider the class Q\ of continuous maps g from the topological 
cone C over C into H 1 (S 2 ), which coincide with i on the boundary of the 
cone, i.e. g\c = i\c, arid we define a min-max level c\ = inf sup I\(g(z)). 

^ zee 


The noncontractibility of C allows to prove that c\ > — oo and to find a 
Palais-Smale sequence for I\. In turn by the Struwe monotonicity trick we 
derive the existence of a solution u\ of (1.9) for almost every A close to Ao- 

At this point to find a solution of (1.9) with A = Ao we need a compact¬ 
ness result and this yields an extra difficulty because the one by Bartolucci 
and Tarantello can not be applied, requiring K positive. For this reason 
we prove an alternative compactness theorem (see Theorem 3.1) to exclude 
that blow-up can occur if A f r(a /; ). To derive this result we follow the ap¬ 
proach employed in [16] to treat the regular Nirenberg problem, combined 
with an energy comparison argument. To do so, in particular to get a priori 
bounds for solutions in § 2 \ S + , we assume hypotheses (H2) and (H3). 

For Theorem 1.2 we take as C the set of formal barycenters of order k 
of a proper compact subset Y of S + \ {pi,... ,p m }, namely the family of 
unit measures which are supported in at most k points of S + . Notice that 
C will turn out to be non contractible in view of assumption (H4). The 
main underlying idea is that, if A £ (SttA;. 8Tr(k + 1)) and if I\ attains large 
negative values, the measure j + . has to concentrate near at most k 

points of S + . Next, we construct a global projection of S + onto Y and in 
turn this map induces a projection from the barycenters of ,S’ + onto those of 
Y. Exactly in this way we define the map /3, while for what concerns i we 
use suitable test functions to embed C into {I\ < ~L}. 

In the case of Theorem 1.4, we take as C a compact subset of S + \ J\ 
and to construct the map (3 we study the concentration properties of the 


measures 


Ke y*+ 

f s+ Ke“dV g 


for u £ {I\ < — A}, adapting the arguments in [38]. 


Remark 1.5. Theorem 1.2 and Theorem 1.4 can be seen as the counterparts for 
K sign-changing of the existence results obtained in [2] and [38] for K positive, 
where 5 + plays the role of E. We point out that, whereas the minmax scheme we 
developped to treat the sign-changing case works with some modifications on any 
surface endowed with any metric (see Remark 4.3 and Remark 4.10), in the proof 
of the compactness result we strongly use the fact that (Y,g) = ( S 2 ,go ) in order 
to apply the stereographic projection. 
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Finally, we prove that it is not always possible to prescribe on a singular 
standard sphere a sign-changing Gaussian curvature satisfying (HI), (H2) 
and (H3) when neither (H4) nor (H5) are fulfilled. Therefore we can say 
that these assumptions are somehow sharp. 

Theorem 1.6. Let p £ § 2 and a > 0 then there exists a class of axially symmet¬ 
ric functions on § 2 satisfying (HI), (H2) and (H3), which are not the Gaussian 
curvature of any metric conformal to go having at p a conical singularity of order 
a. 


Theorem 1.6 follows from next result, which is inspired by [14], Before 
stating it, for p £ § 2 , we introduce the set T v C C°(S 2 ) defined as 

{ F is sign-changing, rotationally symmetric 
F £ C°(S 2 ) : with respect to p, monotone in the region 
where it is positive and F(—p) = max F 

Theorem 1.7. Let A £ (8tt, +oo), p £ § 2 and a > 0. Then for any function 
F £ F p there exists a function Kp, having the same nodal regions of F, such that 
(HI), (H2) arid (H3) are fulfilled but equation (1.9) (with m = 1, p\ = p, ot\ = a 
and K = Kp = e~ hl Kp) does not admit a solution. 

As it will be clear from the definition of Kf, see (5.1), due to our assump¬ 
tions on F, for any function Kp in the statement of the previous theorem 
p £ S~ (then J\ = 0) and S + is contractible. In particular N + = 1. 

The rest of the paper is organized as follows. In Section 2 we fix the 
notation and give some preliminary results. In section 3 we find a priori 
bounds for solutions of (1.9) and we prove a compactness result. In Sec¬ 
tion 4 we study the low sublevels of I\ and finally Section 5 is devoted to 
prove Theorem 1.2, Theorem 1.4 and Theorem 1.7. 

2. Notations and preliminaries 

In this section we fix the notation used in this paper and collect some 
preliminary known results. 

From now on (§ 2 . go) will be the unit 2-sphere equipped with the stan¬ 
dard metric, dist(x, y) will denote the distance between two points x, y £ § 2 
induced by the ambient metric and dist (Hi, f^) = min {dist(x, y)\x £ Ll\,y £ 
will denote the distance between two subsets of § 2 . 

Given 0 < r < R, p £ § 2 and 0 C § 2 , the symbol B p (r ) stands for the open 
ball of radius r and center p, A p (r, R) denotes the corresponding open an¬ 
nulus and (Ll) r = {x £ § 2 , ] dist (a;, f2) < r}. 

Let / £ L 1 (§ 2 ), we set f g2 f = / s 2 f, where |S 2 | is the area of § 2 . We 
will use the same notation for a subset T of M 2 , namely ( T) r = {x € 

M 2 | dist(x, T) < r}. 

For a real number a, we introduce the following notation for the sublevels 
of the energy functional 

I\ = { u £ X : I x (u) < a}, 
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where I\ and X are defined in (1.12) and (1.13) respectively. 

For any A C § 2 , A will denote its closure, int(A) its interior and xa(x) the 
characteristic function of A. Moreover, for A. B C § 2 , A A B stands for 
their symmetric difference. 

Given a metric space M and k £ N, we denote by Mf. the set of formal 
barycenters of order k on M, namely the following family of unit measures 
supported in at most k points 

{ k k 

= i ,xi£ m 

i =1 i=1 

Positive constants are denoted by C, and the value of C is allowed to 
vary from formula to formula. 



2.1. Moser-Trudinger inequalities. 

Moser-Trudinger type inequalities are a powerful tool in our study be¬ 
cause they allow to deduce properties of the functional I\ defined in (1.12). 
We start recalling a weaker version of the classical Moser-Trudinger in¬ 
equality, see [41]. 

Proposition 2.1. Let £ be a compact surface, then there exists C > 0 such that 

(2.2) log [ e u dV g < —/ \Vu\ 2 dV g +-^- [ udV g +C, \/u £ 1T 1 (£). 
7s lb7T is IM -is 

As an easy application of the previous proposition, we have 

W>^[ |Vu| 2 dVg - C, 

167r J s 2 


for all u £ X. In particular, I\ is coercive for A £ (0, 87r), and a solution for 
(1.9) can be found as a minimizer. 

For larger values of the parameter A the previous inequality does not 
give any information. In particular, for A > 87r it can be easily seen that the 
functional is not bounded from below. See Lemma 4.11 and Lemma 4.13. 

Subsequently, we recall a result which roughly speaking states that if, 
into l + 1 regions of a surface £, e u has integral controlled from below (in 
terms of f s e u dV g ), the constant can be basically divided by £ + 1. The 
following proposition has been proved for the first time in [17], with H = 1 
and £ = 1, and generalized in [25] for t > 1. Assuming H only bounded 
does not require any changes in the arguments of the proof. 


Proposition 2.2. Let Y,he a compact surface, H : £ — > M, with 0 < H(x) < G 0 . 
Let i a positive integer and fh,..., be subsets of £ with dist(fh, Clj) > 6, 
for i f j, where 5 is a positive real number, and fix 7 £ ( 0 , j^j)- 

Then for any e > 0 there exists a constant C = C(Cq, e, 5, 7 ) such that 


(2.3) log 


L 


1 


He u dV„ < — - [ IV 

9 - 16(£ + l)vr - e 1 


u\ 2 dV a + 


u dV„ + C 


for all functions u £ Lf 1 (£) satisfying 


f^He-dVg ^ 
kHe-dVg - 7 ’ 


(2.4) 


for i = 1, ...,£ + 1. 
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Next we recall a criterion which gives sufficient conditions for (2.4) to 
hold. We refer to [26] for the proof. 

Lemma 2.3. Let £ be a positive integer and suppose that e and r are positive 
numbers and that for a non-negative function f £ L 1 (S) with || / ||i,i (s) = 1 there 
holds 


L 


fdVg < 1 — e, for any Ctuple pi,... ,pi £ £. 


u i=i B Pi( r ) 

Then there exist e > 0 and r > 0 depending only on e, r and £ (but riot on f), 
and £ + 1 points pi, ■ ■ ■ ,pe+i £ £ (which depend on f) satisfying 

[ fdV g >£, B Pi (2r)nB Pj (2r) = 0 for i,j = 1, ...,£+ 1 and i f j. 

d Bp i (f) 

Next we introduce a localized version of the Moser-Trudinger inequality 
obtained in [38, 26]. 

Proposition 2.4. Assume that £ is a compact surface (with or without boundary), 
and H : £ -a M measurable, 0 < H(x) < Co a.e. x £ £. Let Ll c £, 5 > 0 such 
that dist(f2, <9£) > 5. 

Then, for any e > 0 there exists a constant C = C(Cq,£, 5) such that for all 
u £ fL 1 (£), 

(2.5) log I H(x)e u dV g < —- - f \\7 g u\ 2 dV g + / udV g + C. 

J Cl -Lott -£ Js Jt, 


2.2. A priori estimates on the entire solutions. 

This subsection is devoted to present some a priori L°° bounds for solu¬ 
tions of the problem 

(2.6) — A u = R(x)e u in M 2 , 

where R is a sign-changing function. 

The following results are originally due to Chen and Li (see [16, 13]) who 
proved them in order to derive a priori bounds for solutions of the regular 
Nirenberg problem. We will focus on the estimates in the region where R < 
e, for some small e. They performed a stereographic projection to transform 
the equation on 8 2 into (2.6). In particular, in their case, it was natural to 
assume the following asymptotic growth of the solutions at infinity 

(2.7) 41og|x| 
and that R has a limit as \x\ — > +oo, for example. 


( 2 . 8 ) 


lim R(x) £ (0, +oo). 

\x \—>+oo 


Actually, we will show that their approach, with proper modifications 
(see Lemma 2.8 below), allows to deal also with solutions of (2.6) behaving 
at infinity as 

(2.9) u r-u — rj log |x|, 
for some p > 4, if the function R satisfies 

(2.10) lim R(x)\x\ 4: ~ v £ (0, +oo). 

|a;|—H-oo 
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Chen and Li in [16] assumed R G C 2 , "(M 2 ) and VR(x) / 0 in {x G 
M 2 | R(x) = 0}, but in fact their proof required only 

(2.11) R° = R+nlF, 


(2.12) R G C°(R 2 ) n C 2 ’ a (U) and X7R(x) 0 for x G R + n R~, 

where 

R° = {x G M 2 | R(x) = 0}, R ± = {x€R 2 \ R(x) ^ 0}, 

and U is a neighborhood of R + n R~. 

In general, if we assume (2.12) and not (2.11), R° can be decomposed in the 
following disjoint union 

R° = (R+ nlF) II Q + II QT 

where QY are such that 0Q ± c R b \ IF, i.e. are the (possibly empty) 
components of R° surrounded by positive/negative nodal regions of R. 
Let us set 

Q = Q + U Q~. 

At last we define 

(2.13) r = i min{dist(Q + , R~), dist(Q~, R + )} >0 

O 

and state a generalized version of Proposition 2.1 and Proposition 3.1 in 
[16], replacing assumptions (2.7) and (2.8) with (2.9) and (2.10) respectively 
and removing hypothesis ( 2 . 11 ). 

Theorem 2.5. Assume that R verifies (2.10) and (2.12) and that there exist (3,6 > 
0 such that |Vi?(a;)| > (3 for any x G {x G M 2 | |-R(x)| < 6} \ (Q) r . Then there 
are positive constants e and C, depending only on /3,6, H-RHc^Wt/) an d min R 2 Tt, 
such that for any solution u of (2.6) satisfying (2.9), u < C in {x G M 2 |l?(x) < 

e} \ (Q + Y- 


Remark 2.6. Let us consider the following family of positive functions 


F v (x) 


2lTT] 


(1 + | x | 2 ) 2 



depending on a parameter rj varying in a bounded subset I c (4, +oo). 

If we assume that R verifies (2.12), that there exist (3, 5 > 0 such that |Vi?(x)| > 
f3for any x G {x G M 2 | |i2(x)| < <5}\(Q) r and that lim | 3 ,|_ > , +00 R(x)F ri (x)\x\ A ~ v G 
(0, +oo), then it can be seen that, for any solution u of—Au = RF^e 0, in M 2 satis¬ 
fying (2.9), u < C in {x G M 2 |i?(x) < e}\(Q + ) r , where C and e are positive con¬ 
stants depending on (3,6, L = sup^ g/ ||^ ||c 2 ' q (( 7 ) an d M = inf j rriin xGlR 2 R(x)F r] 
(with L < +oo and M > — oo) but not on rj. 


Theorem 2.5 follows from Proposition 2.7 and Lemma 2.9. 

Proposition 2.7. Assume that R verifies (2.10) and (2.12) and that there exist 
(3,6 > 0 such that |V.R(x)| > (3 for any x G {x G M 2 | |ii(x)| < 5} \ ( Q) r . 
Then there are positive constants e and C, depending only on (3,6, ||-R||c? 2 ,am-) 
and min K 2 R, such that for any solution u of (2.6) satisfying (2.9), u < C in 
{x £R 2 \R(x) <e}\(Q) r . 
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The proof of the previous proposition can be recovered mimicking the 
ideas of Proposition 3.1 in [16], once Lemma 2.1 in [16] is substituted by 
Lemma 2.8 below. Indeed, one can prove that f Re u dx is bounded in any 
ball where R is strictly negative and combining this fact with Lemma 2.8, 
one gets that a solution u of (2.6) verifying (2.9) is bounded from above in 
the region {x £ M 2 |f?(x) < —c}\(Q) r - Next, by virtue of assumption (2.12), 
one can extend the estimate in the whole region {x £ M 2 |f?(x) < e} \ ( Q) r 
via a local moving plane method using the regularity of R in U and an 
estimate of / Re u dx in a ball where R is strictly positive. 


Lemma 2.8. Let x$ be such that R(x o) < 0. Let 3&o = dist (x o, R°) arid let 

R(x)<-5 Vx £ B xo (2e 0 ), 

for a fixed 5 > 0. Moreover , assume that R satisfies (2.10). Then, for every solution 
u of (2.6), verifying (2.9), 

(2.14) u(xq) < u(x) + 77 log —— + 1^+67, Vx£R 2 , 

where C is a constant depending only on min K 2 R and 5. 


Proof. Let x € B xo (eq), we claim that 

(2.15) u(x) < u (x + £q—^] — 7 log ——— + <27, Vx £ B £ (£ 0 ). 

V \x-x\ z J £ 0 

The point x + £q corresponds to the reflection of x about dB x {e 0 ). 
Let v(x) = u (x + £q ~ r/log , which satisfies: 

Next, we take the auxiliary function w(x) = v(x) — u(x) + 7 , where 7 is 
a positive parameter to be determined. Then for x € B%(£ 0 ) 

Aw + R(x)e^ x ' > w(x) 


R(x)e y — R ( x + £q '^ X ^ 


x — x 


x — X 


eo 


rj —4 


e Hx) < _ m ) e v(x) 


where m = min R 2 R and f is a function which is between 7 + i;(x) and u(x). 
Next, we choose 7 large enough such that —de 1 — m < 0. Since w(x) = 7 in 
dBx(e 0 ), by the maximum principle we obtain that 

w(x) > 0 mBs-feo), 


which implies (2.15). 

To end the proof, observe that for every x £ M 2 there exists x in B xo (£ 0 ) such 
that the reflection of xo about dB x (£o) is the point x, i.e. for all x £ M 2 there 
exists x £ B Xo (s 0 ) such that x = x + £q ■ Clearly, |xo — x||x — x| = £§, 
so (2.15) implies directly (2.14). □ 


Next lemma allows to extend the a priori bound to the region (Q ) r . 


Lemma 2.9. Under the assumptions of Proposition 2.7, then u(x) < C for any 
xe(Q~) r . 
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Proof. Let us consider an open regular subset LI of R~ such that 0 c R~ and 
Pi D (Q~) 2r . Proposition 2.7 asserts that u(x) < C for any x G Oil. Then, by 
our assumptions we have that —A u < 0 in Pi and u < C in Oil. Applying 
the weak maximum principle, we reach the desired conclusion. □ 


2.3. Non existence result for the regular Nirenberg problem. 

We recall a non existence result for the problem (2.6), obtained in [14] to 
prove that the regular Nirenberg problem (1.3) does not admit solution for 
K axially symmetric, sign-changing and monotone in the region where K 
is positive. 

Let ro > 0 and R € Cy ad (M 2 ) such that 

(2.16) R is positive and non-increasing for r < vq, negative for r > /•(>. 

The following result has been derived under the hypothesis (2.7), how¬ 
ever, as shown below, it holds under the less restrictive assumption (2.9). 

Theorem 2.10. Assume that R e Cyad(I£ 2 ) is a bounded function verifying 

(2.16) . Then there is no solution for the problem (2.6) such that (2.9) holds. 


The key point to derive this generalized result is to modify properly 
Lemma 2.1 in [14], taking into account the new asymptotic behavior. 


Lemma 2.11. Let R £ C® ad 


2 ) be a bounded function such that 

(2.17) f?(r) > 0, R'(r) < 0 for r < 1; R{r) < 0 for r > 1. 


Let ube a solution of (2.6) such that (2.9) holds, then 


(2.18) 


u(px) > u 


px 


— 77 log |m| Vx € L>o(l)> 0 < p < 1. 


Proof. Step 1: We claim that (2.18) is true for p = 1. 
Let v (x) = u — r/log |x|, then v verifies 


-Av = |x | v ~ 4 R e v . 

By (2.17), A u < 0 and Av > 0 in Bq(1), then —A (u — v) > 0 in l?o(l)- Since 
u = v in clBo(l)/ then 

u > v in -Bo(l) 

by using the maximum principle. 

Step 2: At this point, we move dBo(p) towards p = 0. Let u /1 (x) = 
u(px) + 2 log p and v^x) = ) -77 log|x|, then 


-A Ufj, = R(p |x|)e U/i , 

Taking the auxiliary function w M 
(2.19) 


-At; m = |x 

= U tl - V 


we obtain that 
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for x £ B o(l) where c6 /t is a function between U/Jx) and v lt (x). Observe that 
by (2.17), we have that 

^ \x\ n ~ 4 ' — R(fi\x\) < 0, for \x\ < 1 and y <1. 

Therefore 

(2.20) A+ C fl (x)w fl < 0, 

where Cfyx) is a bounded function if y is bounded away from 0, moreover 
for any y strict inequality for (2.20) holds somewhere. Thus, applying the 
strong maximum principle, to get (2.18) it is enough to show that 

(2.21) wfyx) > 0 inS 0 (l). 

From Step 1 (2.21) is true for y = 1. Next, we decrease y. By contradiction, 
suppose that there exists po > 0 such that (2.21) is true for y > yo and fails 
for /i < fiQ. For y = //o we can use the strong maximum principle and then 
the Hopf lemma in (2.19) to obtain that 

Wfj, 0 > 0 inT?o(l) and < 0 oncLBo(l). 

In addition, by the minimality of yo for any sequence y n Z yo there 
exists x n £ Bo (1) verifying (x n ) < 0. This, combined with the fact 
that = 0 on d/io(l), implies that there exists some y n on the segment 
connecting x n and fyf so that d ^ n ( y n ) > 0. Up to a subsequence x n —> 

x 0 £ B 0 (l) withu; MO (xo) < 0,so:ro G dB 0 (l) and y n x 0 . Thus ^§Z(x 0 ) > 
0 and we get the desired contradiction. Therefore (2.21) holds for any // £ 
( 0 , 1 ]- □ 

Proof of Theorem 2.10. By virtue of (2.16) we have that (2.17) holds, so ap¬ 
plying Lemma 2.11 we get (2.18). Letting y —0 in (2.18) we obtain that 
log |x| > 0 for |.x| < 1 which is a contradiction. □ 

3. An ESTIMATE IN THE REGION WHERE K IS SMALL AND A 
COMPACTNESS RESULT 

The main result of this section is the following compactness theorem for 
solutions of (1.9) with (£,<?) = (§ 2 ,go). 

Theorem 3.1. Let pi,... ,p m £ § 2 , ch, ... , a m > 0 and let K be a Lipschitz 
function on § 2 satisfying (HI), (H2) and (H3). Let k £ N, 

Ao G (87rfe, 8ir(k + 1)) \ r(o^), 

An -A Ao and u n a sequence in X of solutions of (1.9) with (£,g) = (§ 2 ,go) an d 
A = A n . Assume that I\ n (u n ) is bounded from above. Then, up to a subsequence, 
u n — log f s 2 Ke Un dV go —> uq strongly in C 2 (§ 2 ), where uq is a solution of (1.9) 
with (X, g) = (§ 2 ,5o) an d A = Ao- 

It is worth to point out that the concentration compactness theorem due 
to Bartolucci-Tarantello [5], applied for instance in [2, 3, 38], is useless here 
because it requires K to be non negative. Indeed, we have also to rule out 
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the possibility that some blow up occurs in S° U S , where we keep the 
notations introduced in Section 1: 

5 ± = {x € § 2 | K(x) ^ 0}, S° = {x £ § 2 | K(x ) = 0}. 

To do so, we take profit of Theorem 2.5 in order to obtain a priori bounds 
in a neighborhood of S° U S~. In particular, via a stereographic projection, 
we can prove the following. 

Theorem 3.2. Assume that K is a Lipschitz function on § 2 satisfying (HI), 
(H2) and (H3). Let k £ N, then there exist e, C > 0 (depending only on (3, 
6, \\K\\c 2 , a , v) ), such that, for any u solution of the equation (1.9) with (£,g) = 
(§ 2 ,go) and A € (8nk,87x(k + 1)), satisfying fy 2 Ke u dV go = 1, then u < C in 
the region where K < e. 

Notice that C and e do not depend on A nor on u. 


Remark 3.3. Since the equation (1.9) is invariant under addition of constants, it 
is immediate to see that if fy 2 Ke u dV go is not fixed, the conclusion of the above 
theorem fails. 


Proof of Theorem 3.2. Without loss of generality, suppose that q± = (0,0,1) € 
S + \ {pi,... ,pt}. Let P be the stereographic projection from § 2 \ {gi} to M 2 
defined by 

X' 

(3.1) P(xi,x 2 ,x 3 ) = (yi,y 2 ), yi = -— ! , i = 1,2. 

1 - x 3 

The inverse map P _1 : M 2 H S 2 \ {gi} is 
(3-2) P~ 1 (y 1 ,y 2 ) = - + 2 (2yx,2y 2 , \y\ 2 - 1). 

For any function f on § 2 

f ffx)dV g = [ r f(P~ l (y)) 4 2 9 dy. 

.7s 2 .7 r 2 (i +1 y\ 2 r 

Let rt be a solution of (1.9), we introduce the following variable change 
(3.3) v(y) = u(P~\y )) + A log ( (1+ ^ |2)2 ) , 

then v verifies 


(3.4) - An = K(P~ l (y))fy(y)e v in M 2 , 


with asymptotic growth at infinity 


(3.5) 


V ~ _ 2 _log l y l’ 


where 

(3.6) 


/ 4 \ 1 8tt 

h{y) = A \(i + |y| 2 ) 2 / 


Let us set R(y) = K(P 1 (y)), moreover in the notations of Remark 2.6 

F v = f\ for r/ = F. e fykfy(k + 1)). 
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Let us first notice that the assumptions (HI), (H2), (H3) on K and (1.10) 
guarantee that R satisfies (2.12). Besides, by our choice of q \: 

lim R(y)F v (y)\y\ 4 ~ v G (0,+oo). 

Furthermore, by (H2) and (H3), \7R f 0 in P(dS + ), then there exist U' C M 2 
and f3 > 0 such that P(dS + ) C U' C U and | Vi2| > (3 in U'. 

Next, for r defined in (2.13) there exist 5 > 0 such that if \R{y)\ < 5 then 
either y € U' or y <G (Q) r , hence clearly 

1 Vi?(y)| > /3 for any y e {y G M 2 | \R(y)\ < <5} \ ( Q ) r . 

Then by Remark 2.6 we have that there exist C and e independent on A and 
v such that 

v < C in {y G M 2 | R(y) < £} \ ( Q + ) r . 

This in turn implies, by definition of K and being Q + = P({p\ ■... . [>?}), 
that there exist e > 0 independent on A and v such that 

(3.7) v < C in {y € M 2 | K{P{y )) < e}. 

At last in order to deduce the thesis we fix a point q 2 / q\ such that <42 G 
S + \ {p \,... ,pe}. It is immediate to see that (3.7) combined with (3.3) gives 
that there exists C > 0 such that 

u < C in {x G § 2 | K(x ) < e} \ B qi (| dist(gi, < 72 ))- 

To obtain the estimate in B qi (^ dist.f^i, (pi)), eventually with a larger C and 
a smaller e, it is enough to repeat the arguments replacing (42 to q\. 

□ 

Proof of Theorem 3.1. Let us assume without loss of generality that / g2 Ke Un dV go 
1. If u n is bounded, up to a subsequence, u n uq. Standard elliptic ar¬ 
guments show that the convergence is strong and that uq is the required 
solution. 

Assume now that ||u n ||#i(§ 2 ) —>• + 00 , as n —>• + 00 . By Theorem 3.2, there 
exist e, C > 0 such that u n < C in 

S £ = {x G § 2 | K(x ) < e}. 

Eventually taking a smaller e, we can assume that {pi.....pp } n ,S' £ = 0. 

Let us set 

# jA» in 5 + \S«, 

{ e in S £ . 

Observe that H > 0 and H(y) = 0 if only if y G {{>\..... pi -}. Moreover, 
for our choice of e, there exists M > 0 such that h rn (:/;) > — M for any x G ,SV 
and so A < e M H. 

Now, inspired by Proposition 2.5 of [36], we define the comparison func¬ 
tional 

Ex{u) = \f \Vu\ 2 dV go +-^ [ udV go - Alog/ H(x)e u dV go 

2 J $2 P \ J S 2 JS 2 

It is immediate to verify that 

( 3 . 8 ) I\ n ( u n ) > E\ n (u n ) - X n M. 


in iL 1 (S 2 ). 
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We introduce the unit measures 

He Un 

!»He^dV K ' 

then, up to a subsequence, ^ n in the sense of weak convergence of 
measures. 

Step 1: n = Ya =i U& qi , for L points q t G § 2 , t t G [0,1] and X^=i U = 1 - 

Roughly speaking, the idea is that either fi n concentrates near at most 
k points or \\u n \\rr^ (§ 2 ) < C, which would contradict our assumption. To 
prove the claim we just need to show that there exist k points qi in § 2 such 
that for any 7 > 0 , r > 0 and for n sufficiently large 


(3.9) 


Js 2 \ujL i B gi (r) He Un dV go 


Is 2 He Un dV g 


<7 up to a subsequence. 


90 


We suppose by contradiction that there exist 7 > 0, r > 0 such that for 
any A:—tuple q\, ..., G § 2 


Is 2 \u|L 1 B 9i (r) He Un dV go 

Is 2 He Un dV go > 7 

Then by Lemma 2.3 there exist 7 > 0 and f > 0, depending only on 7, r 
and § 2 (but not on n) and k + 1 points q^ n , depending on n, satisfying 


Sb, m ite'-dv,, 

— r" (, „ ->7, B. ; , ,rir)riB,; ,i2r) = 0, for !, j = 1,.... t + 1 and j / 

Jg 2 rie "aLgp 

We are now in position to apply Proposition 2.2 obtaining the existence of 
a constant C = C'(||JT|| 00 , 7 , f, 7 ), such that 

log He Un dV go < w{k + 1)7r _~ \Vu n \ 2 dV go + ^ u n dV go + C, 


where 7 is chosen such that a n = \ — 1 6(fc+i)7r-7 a > 0 - Thus finally 

/ |Vtt n | dVg 0 X n C, 

J S 2 

and so, since ||u n ||#i(§ 2 ) -A + 00 , we have that E\ n (u n ) -A + 00 , but this is a 
contradiction against (3.8) and the fact that I\ n (u n ) is bounded from above. 


Step 2: fi = J2i=i USqi, for k points qi G S + \ S e . 

By our choice of e, e Un < e c in S e , therefore the claim is proved. 
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We first notice that applying Theorem 3.2 

[ He Un dV go = f Ke Un dV go + [ (H — K)e Un dV go 
J s 2 J s 2 J s 2 

(3.10) = 1+ f (H-k)e u -dV go <l + \S 2 \(e + \\k\\ La o {s 2 ) )e c . 

J Se 

This fact, combined with Step 2, implies that 

He Un —> 0 uniformly in S £/ asn-t +oo, 

and in turn 


(3.11) e Un —» 0 and Ke Un -» 0 uniformly in S e , as n —» +oo. 

Since, 


Ke Un = 


( fs : 


J §2 He n dVg 0 j y n 

Ke Un 


in 5+ \ S £ , 
in S £ , 

by Step 2, (3.11) and (3.10) we have that, up to a subsequence, 

k 


Ke Un ^( lim I He u "dV go ) VhW,,, 
\n->+ooJgi J i=i 


with qi G S + \ S £ for i = 1, ..., k. 

Thus finally, being / g2 Ke Un dV go = 1 and H > K, we get lim f §2 He Un dV go 
1 completing the proof of Step 3. 

Step 4: A n —t Aq € T(c^) = |87rr + Ylj=i 87t(1 + otj)rij \ r € N U {0}, n 3 € {0, 


By the previous steps we have: 

k 

\ n K{x)e u - - in§2 - 

i=l 

As in [5], in order to characterize the possible values of Ao we use Green's 
representation formula on the solution v n = u n — h m of (1.1), where h m is 
defined in (1.8). Observe that Ke Un = Ke Vn , so 

k 

(3.12) A n Ke Vn ^ A 0 ^ U 6 qi , in § 2 . 

i =1 

Consequently, we derive that 

n |o | / v n dV g q y ^ " tiG(x, qi) h m 

I s * I J s 2 

uniformly on a compact set of § 2 \ {(/i,..., qk }, where G(x, y) is the Green's 
function defined in (1.7). 

Furthermore, the sequence v n — / g2 v n dV go admits uniformly bounded 

mean oscillation on any compact subset of § 2 \ ({<71 ,... ,qk} U {pi,... ,pe }). 
As a consequence, for every open subset compactly contained in 
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S 2 \ ({q \...., Qk } U {pi,.. ., pt}) there exists a uniform constant C > 0 such 
that, 

(3.13) max v n — minu n < C. 

Finally, if g* (f \p ].... ,/>/}, we can apply the local result of Y.Y.Li [34] to 
conclude that 

(3.14) X n [ K(x)e v "dVg 0 -> 8tt, 

for every r > 0 small enough. 

Whereas in case that qi = pj for some i £ {1,..., k} and j £ {1, 
since (3.13) remains true, by Theorem 6 of [5] and (3.12), we get 

(3.15) A n [ K(x)e Vn dV go -»• 8tt(1 + aj), 

J B qi ( r) 

for every r > 0 small enough. 

Thus, (3.14), (3.15) and (3.12) imply that 

Ao = lim A n = lim A n / K(x)e Vn dV qo £ T(a^). 

n^+oo n^+oo Jg 2 a 

Step 5: Conclusion 

By virtue of Step 4 we reach a contradiction with our assumptions. There¬ 
fore u n is bounded and as explained above, up to a subsequence, u n uo £ 
X which is a solution of (1.9) for A = Ao- 

□ 


4. LOW SUBLEVELS OF I\ 

The aim of this Section is to define a map from low sublevels of I\ onto 
a non-contractible compact topological space and a reverse map from this 
space onto I\. 

We will consider first the general case A £ (87t/c, 87t(L + 1)), k > 1, and 
then we will focus on the case k = 1 in which we will provide a more 
accurate characterization of the topology of the low sublevels which in the 
end will allow us to get existence of solutions also in some cases when S + 
is contractible. 

We recall the notation: 7“ = {u £ X : I\(u) < a}. 

4.1. Construction of a continuous map/ro?n low sublevels. 

4.1.1. A G (8-7T k, 87t (fc + 1)), k > 1. 

In the following we will use on (§ 2 ) fc , the set of formal barycenters of 
order k on§ 2 , see (2.1) for the definition, the metric given by C 1 (S 2 )*, which 
induces the same topology of the weak topology of distributions. Given 
0-1,02 £ (S 2 ) k we will denote by dist(oi, 02 ) their distance and consistently 
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with this convention we define the distance of an L 1 probability measure / 
on § 2 from a distribution rr g (S 2 ) k as 


dist(/, a) = sup 



IMIchs 2 ) < 1 


where (a, ip) stands for the duality product between D(§ 2 ) and the space of 
distributions. Recall that for r > 0 and a subset of § 2 we set (72) r = {x G 
§ 2 | dist(x, Ll) < r}. 


Proposition 4.1. Let A G ( 87 t k, 87 r(k + 1)), k > 1 and assume (HI), (H2), (H3) 
to hold. Let Aj be the j-th connected component of S + , namely S + = H^ x Aj, 
where the symbol II denotes the disjoint union. 

(a) Let P N+ = {xi,... ,x N +} C S + \ {p\,... ,pf\ ivith Xj G Aj for any 
j G {1,..., N + }, then for L sufficiently large there exists a continuous 
projection 

* : 7" l -a (. P N+ ) k 

with the property that if j 6 cr for some cr G ( P N+ )k, then 

^/(u n ) -A o. 

(b) If S + has a connected component which is non-simply connected then for 
L > 0 sufficiently large there exists a curve T c S + \ {p\,... ,pf\ home- 
omorphic to S 1 and a continuous projection 

* ■ I f L ->• r fe , 

with the property that if j + Jfffy -^ cr for some a G T&, then 'S’(u n ) —t 

(7. S 90 

Remark 4.2. It is worth to point out that under assumption (H4), both ( P N+ )k 
and Tfc are non contractible. 

Indeed, the set ( P N+ )k is the (k—1)-skeleton of a ( N + — 1 )-symplex and then it 
can be easily seen that it is not contractible if and only ifk< N + (see for example 
Exercise 16 in Section 2.2 of [30]). Whereas, to show that T*. is non contractible, 
we can refer to [2] in which it is proved that the homology group H\(T-, Z) f 0. 

Proof. Step 1: There exists L > 0 sufficiently large and a continuous map 

*: n L -> (S\, 

satisfying the following property: 

(i) if j g e + eZ S dV 90 a for some a G ( § 2 )fc' then ^K) -t <r. 

This follows directly from the proof of Lemma 4.9 of [25], just observing 
that K < max S 2 (A')xs+ ■ 

Step 2: For L > 0 sufficiently large there exists a continuous map 

4-5 : If L -+ ((S + ) s ) k 

with the property that if f e * s ,t, - i cr for some a G (S + ) k , then t 

JS+ e rLctV 90 
(J. 

Let X be a topological space and Z a subspace of X, we recall that a 
continuous map r : X —> Z is a deformation retraction of X onto Z if 
r(z) = z for all z G Z and its composition with the inclusion is homotopic 
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to the identity map on X. Clearly if such a map exists X is homotopically 
equivalent to Z. 

Let us fix 5 > 0 sufficiently small such that ( Ai ) s D = 0 for any i / j, 
where A\,..., A N + are the connected components of S + , and that (S + ) s is 
homotopically equivalent to S + . This choice is possible by (H2). Moreover, 
making 5 smaller, if necessary, we can suppose that d(S + \ (dS + ) s ) admits 
at each point a normal vector varying continuously and, furthermore, that 
S + \ (dS + f is homotopically equivalent to S + and there exists 

r 0 : (S + ) s -> 5+ \ ( dS + ) 5 

which is a deformation retraction of each ( Ai) s onto A, \ {dAj f and so of 
(S' + )‘ 5 onto S + \{dS + ) 6 . Besides by (H3) we can suppose that {pi,---,pe} C 
S + \ ( dS + ) s . 

Let us consider a cutoff function £5 G 6' 1 (a 2 ) such that 

£<5 : §> 2 —t [0,1], C 5 | 5 += 0 , £<5|s 2 \(s+p = 1- 

Reasoning as in Step 1 of the proof of Theorem 3.1 it is possible to show 
that if L is sufficiently large 


(4.1) 


dist ( T'(u), 


e Xs+ 


< 


1 


Js+e u dV go J 4||£,5|| c i(§2) 

Next, we want to show that for L large enough and for any u G IT L if 

V(u) = 'Z'iUSxi then EiU&( x i) < \- 

Indeed, if not, by (4.1) 

1 > dist (*(»), e ” Xs+ 


4 ll6llc i (§ 2 ) 


> 


(y ] 

i 

E* 


fs+ eU dVg 0 

& . Is 2 e u Xs+&dV g 


a 0 


ll^llcqs 2 ) ll&llcqs 2 ) f s + e u dV g 0 

€s(xi) . 1 


> 


ll^llcqs 2 ) 2 ll?5llc i (s 2 ) 


which is a contradiction. 

Then t t (l — > \ for any u € I X L and if we set 

Ei tiO- ~ £s( x i))dxi 


^s(u) = 


EiM 1 -&(**)) 


then 41,5 is well defined and continuous. The second property follows im¬ 
mediately from Step 1, the definition of £5 and the definition of lL. 

Step 3: Conclusion. 

(a). 

We define 


7 r 


: {S+Y 


yN+ 


Vx G ( Aj) 5 , 


and we notice that 
(4.2) 


x 


K\p N + — Id\pN+. 
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We can finally define the map as follows 

Ix L —► (■ P N+ )k 

U 1 * Xa s i^Tt(yi) 

where s, and y, are defined by namely 'lCj('u) = J2i s i$yi ■ 

Clearly by Step 2, (4.2) and the definition of 4/ if r e f s t,. - v a G ( P N+ )k 

Js+ e naV 9 0 

then Tf(u n ) —> a. 

This proves point (a). 

(b). 

Let q be a point in the interior of § 2 \ ( S + ) s and let P : § 2 \ {g} —> M 2 
the stereographic projection, defined in (1.17). By our choice of <5 and the 
assumption on S + there exists a regular closed curve 7 C M 2 such that at 
least one connected component Tl~ of P (§ 2 \ (S + f) lies in its interior. 

By the Jordan-Schonflies Theorem (see [43]) there exists an homeomor- 
phism : M 2 — > M 2 such that <3? (7) = S 1 and the interior of 7 is mapped 
onto the interior of S 1 . In turn fixing a point x~ £ 11“ we can define a 
retraction R : M 2 \ {4>(x - )} —> S 1 . Then denoting by T := P _1 ( 7 ), define 

7 r: ( S + ) 5 —> T 

x 1 — P~ l o 4> _1 o R o <J> o P[x ) 

which is well defined by the choice of q. Moreover since R\$i = Id 5 i we 
have that 

(4.3) 7T| r = Id|r- 

We can finally define the map T as follows 
T: If L —> Tfc 

u 1 * Xa s i^Tr(yi) 

where .7 and y, are defined by ly, namely ly (u) = s i^y, ■ 

pU'Tl ~w I 

Clearly by Step 2, (4.3) and the definition of ^ if j + e u^v - v a £ T/, then 

'L('Un) -A cr. 

□ 

Remark 4.3. It is possible to extend Proposition 4.1 to a general surface E. This 
is trivial in case (a), while the generalization of point ( b ) requires a more refined 
construction, involving a different compact subset T c {x £ E | K (x) > 0} \ 
{p \,... ,pi} homotopically equivalent to a connected, but not simply connected, 
component of {x £ E | K(x) > 0}. 

4.1.2. A £ (87t, 167t). 

The next results are helpful to treat the case when A £ (877 167 t) and S + is 
non contractible. Indeed in this situation (H4) is not satisfied and so Propo¬ 
sition 4.1 does not provide a map from If L into a non contractible set, see 
Remark 4.2. Besides, we will construct, for A £ (877 167 r) a map which will 
allow to get a more accurate description of the low sublevels even for S + 
non contractible. In fact this more precise construction is not necessary to 
get existence of solutions for (1.9) when S + has nontrivial homotopy type 
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but we think that can be useful to obtain a better multiplicity result for solu¬ 
tions of (1.9). We plan to treat the multiplicity issue in a forthcoming paper. 
In conclusion, notice that in the following propositions is not assumed S + 
to be non contractible. 

Proposition 4.4. Assume (T,,g) = (§ 2 , <?o)/ Ph ■ ■ ■ ,Pm G § 2 , ai,... ,a m > 0 
and A e (8ir, 16n). If (HI), (H2) hold and C\ > 2 is a constant, then there exist 
t > 0, Lo > 0 and a continuous map 

(4.4) 

satisfying the following property: for any u € If L ° there exist a > 0 and y € § 2 
such that dist(y, fyu)) < 5Cid and 

(4.5) [ Ke u dV go = I Ke u dV go > t [ Ke u dV go . 

JBy(a)r\S+ JS+\By(Cia ) J S+ 

Remark 4.5. It is worth to point out that, even though Proposition 3.1 of [ 38] 
holds true also on a manifold with boundary, we can not apply directly such result 
because our functional I\ is defined on functions in f/ 1 (§ 2 ) and not in H 1 (S + ). 
However we will follow the arguments of [38] modifying them non trivially in 
order to handle the extra difficulty given from the fact that K changes sign and so 
S~ has positive measure and S + is not necessarily connected. 

Proof. Let us define 

A 0 = {/ e L x (§ 2 ) | f(x) > Oa.e., [ f dV 90 = 1}, 

J s 2 

a : § 2 x Ao —> (0, +oo), 
where a = a(x,f) is such that 

/ fdV go = [ fdV go . 

J B x (cr) J§ 2 \S^(Ci(t) 

Notice that the value a(x,f) is not uniquely determined, nor necessarily 
continuous. 

Now let us define T : § 2 x Aq —> (0, +oo) by 

T(x,f)= f fdV go . 

JB x {cj(x,f)) 

Notice that T(x, f) does not depend on a and it is uniquely determined. 
Step 0: T is continuous. 

Let us suppose by contradiction that there exist (Xn,fn) G § 2 X Ao such 
that 

(x n , f n ) —t {x, /) 6 S 2 x Ao but \T(x n , f n ) — T(x, f)\ -fy 0 asn-t+oo. 

Being 0 < cr(x n , f n ) < 1 diam(§ 2 ), up to a subsequence a(x n , f n ) —>■ a 0c , as 
n —>• +oo. 

Now if (Too = &(x, f), then 

meas (B Xri (a(x n , f n )) A B x (a(x, /))) -t 0 asn-> +oo, 


(4.6) 
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and so by the convergence of f n to / in L 1 we have 

/ fdVg o + 


\T(x,f) -T(x n ,f n )\ < 

(4.7) 


B x {<r(x,f))\B Xn {cr{xn,fn)) 

+ f 


I fndV 9e 

B Xn (a(x n ,fn))\B x (o-(xJ)) 


\fn-f\dV go n ^0, 


B Xn (<?{x n J n ))nB x ( a(x,f )) 


which gives the desired contradiction. 

On the other hand if > a(x, /), then for n sufficiently large 

r4 m B x (a(x,f)) C B Xn (a(x n , /„)) 

^ ' § 2 \ B x (Ckt(x, /)) D § 2 \ B Xn (CKT(x n , /„)). 

Then for n sufficiently large 

| T{x,f)-T(x n ,f n )\< j \fn~f\dV go + f f dV go 

Bx n (cr(^n ? fn)) Bx n (^(^n ,fn))\B x (cr(x,f)) 

and so in turn by the convergence of f n to / we have that 


(4.9) 


lim inf 

n—>-+oo 


fdv g o >0. 


B Xn (cr(xn,fn))\B x {<T(x,f)) 

By the definition of a, the convergence of f n to / and (4.8) we get 


J fdV g o = J f dV go = J f n dV go +o{ 1) 

B x {a(x,f)) S 2 \B*(Ci(<t(x,/))) S^B^C^xJ))) 

> f fndV go +o{ 1)= J f n dV go +o{ 1) 

Bx n (^(^nj/n)) 

J (fn-f)dVg 0 + J fdV 90 

Bx n (^(^nj/n)) B Xn ip'{ x ri-,fn))\B x (cr(x,f)) 

+ J f dVg o + o(l) 

B x (a(x,f)) 

> J fdV go + J fdV go + o{ 1) 

Bx„{<r{x n J n ))\B x {a(x,f)) B x (cr(x,f)) 

which, combined with (4.9), gives the desired contradiction. 

At last, the case (Too < <r(a:, /) can be treated exactly as the latter case, just 
reversing the roles of B Xn (a(x n , /„)) and B x (cr(x, /)). 


Step 1: There exists t > 0 such that max xG§ 2 T(x,f) > 2r for all / € Mo- 
Let us introduce 

A = {A G L 1 (§ 2 ), h{x) > 0 a.e., / hdV go = 1}. 

Vs 2 

It is easy to see that A is dense in Ao- Moreover in Step 1 of Proposition 3.1 
of [38] it is proved that there exists f > 0 such that max xG §2 T(x, f ) > 2f 
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for all / G A. So our thesis follows from these facts and Step 0. Indeed, 
fix / € Ao and let {h n } C A such that h n — > f in L 1 (S 2 ) and let x n G 
§ 2 such that T(x n ,h n ) = max a;G §2 T(x,h n ), then T(x n ,h n ) > 2f. Up to a 
subsequence x n —>• xo G § 2 as n —>■ +oo and so, by the continuity of T, 
T(x n , h n ) —* T(x o, /) > 2f. The thesis follows taking r = |. 


Step 2: Let us define 

S(/) = {xG§ 2 |T(x,/)>t}. 

By Step 0 and Step 1 S(/) is a non empty compact set for any / G Ao- 
Let us define also 

Hf)= SU P u(x,/). 
xeS(f) 

Let us prove that even if a is not continuous, up to eventually redefine 
a (•, /) in a point, there exists 

V e S(f) such that a(y, f) = a. 

Indeed let { x n } C S(f) such that a(x n , f) —>• u(/), then since 5(/) is com¬ 
pact, up to a subsequence, x n —» y G S(f). Thus 


L 


f dVg 0 = 


-Bx n UUn,/)) 


I 


fdV s 


L 


§> 2 \Bx n (Cicr(xn,f)) 

fdV go . 


90 


and so 

fdV g o = [ 

J&\By(CMf)) 

Now if cr(y, f ) < <r(/) we can redefine <r(-, /) at y as <r(y, /) = <r(/), and the 
proof of our claim is completed. Clearly this modification does not affect 
the previous steps. 


For u£ X, take / = f u = 


Ke l 


Xs+ 


f S + Ke u dVg o ' 


Step 3: For any e > 0 there exists Lq > 0 large enough such that diam S( f ) 


(Ci + 1)<t < e for all u G I x Lo . 


By definition of a, S(f) and S + 

/ 

■JBy(a)nS+ 


Ke u dV go > t / Ke u dV go > r 


s+ 


/ 

J s 2 


Ke u dV g 0 and 


L 


Ke u dV go > t [ Ke u dV go > r 
Js+ 


f 

Js 2 


Ke u dV go . 

IS+\By(Cia) 

Then Proposition 2.2 implies that a —> 0, as L +oo, uniformly for u G 

e min j (diam Di) \ 

cTP1’ 6 / 

T—L 


- ~ — p — — — ” / — ' / 

/^" L . Thus we can choose Lq > 0 such that a < min | - 


for any “G4, where Di are the connected components of S + . 

Now take x, y G S(f), where / = . Ac - \ s +. , w G dr L °, we claim that 

JS+ KeU dVg 0 

(4.10) dist (x,y) < C\ max{cr(a;, /), a(y, /)} + min{cr(x, /), <j(y, /)}. 

Let us prove (4.10). 

Let us suppose by contradiction that B x (C\(a(x, /))) n B y (a(y, f) + e) = 
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0 for some e > 0. Clearly we can take e < mm »( d ^ am D d anc j suc h that 
B y (a(y,f) + e) does not exhaust the whole S + . Let us now show that 
A y (a(y, f),a(y, f) + e) n S + is a nonempty open set. 

Let us prove first that there exists z £ dB y (cr(y, /) + e) (~I S + . 

By contradiction we suppose that dB y (a(y, f)+e)nS + = 0. 

Since lB y (a(yJ))nS+ f dV 90 > B y (a{y, f)+e)ns+ ± 0, so D t C B y (a(y,f)+ 
e) for some i. This would imply that mini(diam(Dj)) < 2(a(y,f) + e) < 

2u + 2 e < | minj(diam(Dj)) which is impossible. 

Next, being S + open, B z (e) n A y (a(y, /), a(y, /) + e) fl S + is a nonempty 
open set. Then 

[ Ke u dV go = f Ke u dV go 

J B x (a(xJ))nS+ JS+\B x (CMx,f)) 

> [ Ke u dV go > [ Ke u dV go . 

J B v (a(y,f)+e)nS+ J B y (<r(y,f))nS+ 

By interchanging the roles of x and y, we would also obtain the reverse 
inequality. This contradiction proves (4.10). 

Then by (4.10) and the definition of a we have dist(x, y) < {C\ + 1 )a for 
any given x, y <E S(f). 


Step 4: Definition of /3 and conclusion. 

We consider § 2 embedded in M 3 and we define 


y : I X L ° —>• M 3 , y(u) 


Jg 2 [T(x,/) - T] + xdV go 
J s2 [T(xJ)~T}+dV go 


where f = f u 


Ke u Xs + 

J s+ ke-dV 9 


Notice that in the above terms the integrands vanish outside S(f). 


From now on, for r > 0, according to our notation we will denote by 

( S + ) r = {x e § 2 | dist(x, S + ) < ?’}. 

Clearly B y (a) D S + / 0, namely 

(4.11) y e ( S+f , 

moreover by Step 3 diarn (S(f)) < (6'i + 1 )a and therefore being y G S[f ) 
S(f) C (S+)^ +2 ^ and S(f ) C Bf ((^ + l)d). 

Being rj(u ) a barycenter of a function supported in S(f), we have 

(4.12) | v(u) -y\< (Cl + 1 )d. 

Let U D S 2 , [/cR 3 an open tubular neighborhood of S 2 , and P : U —>• § 2 
an orthogonal projection onto § 2 . Moreover by Step 3 there exists Lq > 0 
sufficiently large such that y(u) £ U for any u £ I x L ". Thus we can define 

fd : I X L ° —>■ S 2 j}{u) = Poy(u). 

Next, we claim that, eventually for a larger Lq, 

(4.13) dist (y,P(u)) < 2C\a. 





26 


FRANCESCA DE MARCHIS AND RAFAEL LOPEZ-SORIANO 


Let Ty (§ 2 ) be the tangent space to § 2 at y. For any x £ S(f) C Bf 3 ((Ci + 
1 )<t), we have that 

min {|y + y- x\ : y £ T g (§ 2 )} < Ca 2 , 

where C depends only on the C 2 regularity of S 2 . Since 77(11) is a barycenter 
of a function supported in S(f), it is clear that 

min {\y + y- rj(u)\ : y £ Ty(E> 2 )} < Ca 2 . 

By taking a larger Lq, if necessary, by Step 3 a is small enough such that 

(4.14) |/3(it) — rj(u)\ = min \rj(u) — x\ < 2 Ca 2 < a. 

igS 2 

Since C\ > 2, let v = 2C ff 2 > 1, again, by Step 3 we can take Lq large 
enough such that a satisfies that for x, y £ § 2 , if \x — y\ < (C\ + 2 )a, then 
dist(x,y) < v\x — y\. This together with (4.12) and (4.14) proves (4.13). 
Combining (4.11) and (4.13) we obtain that 

(4.15) dist 0(u),S+) < (2Ci + 1 )a. 

Besides by the regularity of dS + there exists 7 > 0 and a continuous pro¬ 
jection 7T : (S + ) 7 —>• S + such that 

(4.16) 7T|^+ = and dist (a;, 7r(x)) = dist(x, S + ). 

Again for L 0 > 0 large enough 2(Ci + 1 )a < 7 and so, by (4.15), /3(/^ L °) C 
(5 + ) 7 . Then we can define /? : I^ L ° S + as 

P(u) = tt o /3(u). 

At last by (4.13), (4.16), (4.15) and Ci > 2 we have 

dist(y, /3(u)) < dist(y,/3(it)) + dist(/3(it), 7r o/3(u)) 

< 2Cia + dist (^ (it), 5+) 

< (4Ci + 1 )a < 5Cia. 


□ 


Remark 4.6. With the above construction, if f n 


Ke Un Xs+ 

fs+ Ke u ndVg 0 


5 X for some 


x £ S + then one also has /3(u n ) x. This can be seen exactly as in Remark 3.2 
of [38]. 


Next we show that the functional I\ is bounded from below on the func¬ 
tions in /3 -1 (Ja), where 3 is the map constructed in Proposition 4.4 and J\ 
is defined in (1.16). 

Proposition 4.7. Assume (T,,g) = (§> 2 ,go), £ S 2 , a\,...,cte £ 

(0,1], af + i,..., a m > 0 and A £ (877 167 t). If (HI), (H2) and (H3) hold, then 
there exist C\ > 0 sufficiently large, Lq > 0, r > 0 such that Proposition 4.4 
applies and there exists L > Lq such that I\(u) > —Lfor any u £ If L ° satisfying 
that 3(u) = pi £ J\. 
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Proof. We will follow very closely the proof of Proposition 4.1 in [38], adapt¬ 
ing it to our different definition of f3. 

Let e > 0 to be fixed later depending only on A and a universal constant 
Cq. In turn let C\ > 4 large enough so that s' 1 + 1 < log 4 C\ and let Lq > 0 
and r > 0 such that Proposition 4.4 applies. 

Let us suppose by contradiction that there exists a sequence u n € X such 
that I\(u n ) — > —oo and j3(u n ) = Pi € J\ as n —> +oo. Clearly we can as¬ 
sume without loss of generality that f $2 u n dV go = 0. 

Let y n € S, a n > 0 be as in Proposition 4.4, such that dist(y n ,p*) < 5Cid n . 
It is easy to see, applying Proposition 2.2 as in Step 1 of the proof of Theo¬ 
rem 3.1, that a n —t 0. Consequently, by virtue of (H3), for n large enough 
y n £ S 2 . Then we fix 6 > 0, smaller than the injectivity radius and such that 
By n (<5) C S + for any n sufficiently large, and we choose 

(4.17) IV € N such that e~ l < N < log 4 Ci. 

Since d n —>• 0 we have that for n sufficiently large C\d n < 5 and so 

U% =1 Ay n (4™- l d n A m Vn) C AySctruC^n) C By n (6). 

Then there exists s n G [2 a n , ^-u n ] such that 


(4.18) 


\Vu n \ 2 dV go < 4 f \Vu n \ 2 dV go . 

(^,2 8n ) ^ JBy n (S) 


J Ay„( 2 1 “n; " ^ynK 

From now on, in order to simplify the notation, we drop the dependence 
on n. 

Let us define 


£>i = 


[ |V«| : 

J By (S) 


dV 0 


90 ) 


V 2 = 


I \Vu\ 2 dV go , V = V 1 + V 2 . 

J§ 2 \By(s) 


The proof proceeds in three steps. 


Step 1: We apply Proposition 2.4 to a convenient dilation of u given by 

v(x) = u(sx + y). 

We have 


[ \Vu\ 2 dV go = [ | Vv\ 2 dV go , l udV go = l vdV go , 

JBy{s) JB 0 {1) JBy(s) JBo{l) 


L 


B s (f)nS+ 


Ke u dV go < C 


JBy(%)nS+ 

< Cs 2ai [ 


\x- P i\ 2ai e u dV go 


f e u dV go < Cs 2ai+2 [ 

By(%)ns+ Jb 0 {\) 


e v dV c 


ga¬ 


in the above computations we have used that \y — pi\ < Cs. Then, recalling 
that by definition of r (see Proposition 4.4) 


'Bymns+ 


L 


I<e u dV go > t I Ke u dV nn > r / Ke u dV n 


go — 


go 
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and applying Proposition 2.4 to v (with H = 1) we get 


log [ Ke u dV go < C + 2(1 + cti) logs + log 
J s 2 


/ 

JB 0 a) 


e v dV r 


90 


(4.19) < C + 2(l + a i )logs + —^ - [ \Vv \ 2 dV go +-f vdV go 

Ib7T - £ Jb q ( 1 ) JBn(l) 


>B 0 (1) 


— C 4- 2(1 + oci) log s + 


1 


167T — £ 


Vi + 


£ 


U dVr 


By( S ) 


go- 


Step 2: Exactly as in Proposition 4.1 of [38], we estimate f dB _^ udV go . 
By the trace embedding u = u — -\- J} (sj udV go € L 1 (dBy{s )) and thanks to 
the Poincare-Wirtinger inequality we get 


£ 


u dx 


dBy(s) 


< C\\u\\ H ! < C 


'By(s) 


\Vu\ 2 dV & 


90 


Therefore, 


(4.20) 


+ udx — + 
JdBy(s) Je 


U dV c 


By{s) 


90 


< c 


' By{s) 


| Vu| 2 dV go ) < eVi + C'. 


Now notice that, since the above inequality is invariant under dilation, the 
constant C is independent of s and hence C depends only on e. 

Step 3: By virtue of the fact that K{x) ~ d(.x, p,) 2,> " near p u and \x — p t \ < 
C\x — y\ in S + \ By (s), we get the following estimate 


(4.21) 


' S + \By(s) 


Ke u dV go = 




C 

q2 OLi 


L 


eVdV 9o< ^ 


s+\By( S ) \ x - y\ 2ai 

c 


\x-y\ 2ai e u dV go < 


f 

J s 2 


e v dV r , 


901 


IS+\By(s ) 

where v(x) = u(x) + 4 ctiw(x), 

{ logs x e By(s), 

log \x — y\ x € Ay(s, 5), 
log 5 &\By(6), 

In order to apply the Moser-Trudinger inequality to v we observe that 


-A go u = 0 x E By(s), 
u(x) = u{x) x £ By(s). 


(4.22) 


/ 

Js 2 


v dV go < C + 


J s 2 


Since u dV go = 0 and u — u is compactly supported in By(s), 
(4.23) 


f udV go = f (u-u) 
J S 2 J S 2 


< C 


' By{s) 


\X7u — Vu| 2 dV 6 


90 — 


<eV + C £ . 


We now estimate using (4.18) and (4.17) the Dirichlet energy 
(4.24) 


'By(s) 


|VD | 2 dVg 0 = 


/ |V*| 2 dV go < C 0 / \Vu \ 2 dV go < C 0 eV, 

>By{s) JAy{ f,2a) 
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where Co is independent on the radius s, since everything is dilation in¬ 
variant. 

On the other hand integrating by parts we obtain 

1 |Vf>| 2 dV go = f \Vu\ 2 dV go + 16a? [ 

Js 2 


;dV m 


(4.25) 


+8cij 


L 


s 2 \By(s) 


< V 2 — 327ra" log s — IGttq; 


^\ B y( s) \x - y\ 2 30 

Vu- V(log \x -y\)dV go 

d 


JdBy(s) 


udV go + C. 


Finally applying to v the Moser-Trudinger inequality. Proposition 2.1, 
and in turn (4.24), (4.25), (4.22), (4.23) we get 

1 f 


log / e v dV qo < 


W f |V{)| 

167F JBy{s) 


dVn n + 


v 90 T 1ft, / I 1 90 

Ib7T J§2\ B y( s ) 


(4.26) < + 7tT ~ 2a,? log s ~ ai ~f 

l07T 1671 Jg 


|VD| 2 dV go + -f vdV go + C 

Js 2 

u dV go 4“ clA C. 


dBy(s) 

Now, recalling that A>y(s) C By{C\ A), the definition of y (see Proposition 
4.4), (4.21) and (4.26) we have that 


;/ 

Js 2 


log / AV' dV go < log J ^ Ke u dV go < log ( - 


ATe“ d!4 


T J S+\By{s) 

(4.27) < —2ai(l 4- on) log s 4- CqeT> 4- —-— on-f- 

16vr J d 


go 


u dV go 4“ C . 


dBy(s) 


At last, adding (4.19) (multiplied by ad to (4.27) and using (4.20) and the 
assumption a, < 1 we have 

1 


(«i 4-1) log [ Ke u dV go < 
2 


16-7T — £ 


4- Cq£ I ~D 4- C, 


so plugging this estimate in the functional we derive that 


I\{u) > 


-A 


Co 

4-—£ 


Is 2 


|Vrt n | dV go - C. 


(167T - e)(aj 4-1) a* 4-1 

In order to conclude it suffices to take e small enough, depending only on A 
and Co (Co is a universal constant), such that ^ — A ^ ( 167r _ e .)( Q ,. +1 ) + 7T+T e ) ) > 
0. Indeed, recalling that we were working with a sequence u n , we get 
I\(u n ) > — C which leads to the desired contradiction. □ 


Let J\ be as in (1.16) and let us fix a small positive number 6 such that 
S + \ (dS + )° is a strong deformation retract of S + and such that, for any 
Pi G J\, B Pi (0) C S + \ (dS + ) e . Such a 6 does exist if we assume (H2) and 
(H3) to hold. Then we set 


(4.28) 


©A = S+\ [ (dS+) 9 U IJ B Pi {6) 
Pi<EJ\ 


and we finally conclude, defining a continuous map from I x L to ©a- 
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Proposition 4.8. Assume (£,<?) = (§ 2 , go), p\,... ,p m £ § 2 , a±,... ,a m > 0 
and A £ (87r, 167 t). If (HI), (H2) and (H3) hold, then for L > 0 sufficiently large 
there exists a continuous projection 


4/ : If L -A ©a 


with the property that if Af - . -^ 5 x for some x € ©a tLen \F(u n ) -A- x. 


/s+ * e«n dV 90 


Remark 4.9. Let ws observe that ©a 0 zs non contractible if and only if either S + 
is non contractible or N + > 1, namely (H4) holds, or if J\ 0 f 0, namely (H5) 
holds. Moreover notice that ©a = Q\ 0 for any A sufficiently close to Ao- 

Proof. The proof mimics, with minor changes that of Proposition 4.4 of [38], 
we just sketch it for reader's convenience. 

Let us consider the map ft constructed in Proposition 4.4, then by Proposi¬ 
tion 4.7 if /3(u) £ J\, I\ is uniformly bounded from below, therefore if L is 
sufficiently large and if u £ If L , then /3(u) £ S + \J\. 

If /3(u) £ ©a we set 'F(tt) = fd(u), whereas if j3(u) ©a, either it belongs 

to a subset of the form B Pi ( 6) \ {p^} or it belongs to S + D (S + f. In the first 
case we move /3(u) along the geodesic segment emanating from p, in the 
direction of /3(u) until we hit the boundary of ©a and we set ^ ( u ) to be this 
point. In the second case instead we move /3(u) following the deformation 
retraction of S + onto ,5' + \ (c)S + )°. This procedure is well defined if 8 is 
chosen sufficiently small and in particular such that B Pi (0) C S + \ (dS + )° 
for any pj £ J A . 

The last statement follows from Remark 4.6. □ 

Remark 4.10. The arguments of the proof of Proposition 4.4, Proposition 4.7 and 
Proposition 4.8 work perfectly well for any compact surface £. The only modifica¬ 
tion needed is to consider, in Step 4 of Proposition 4.7, an isometrical embedding 
ofTi in rather than in M 3 . 

4.2. Construction of continuous map into low sublevels. 

We will distinguish the case A £ (87t/c, 87t(L + 1)), k > 2, from A £ 
(87T, 167t). 

4.2.1. A G (87t k, 8 tv( k + 1)), k > 2. 

Let A £ (87rk,87r(k + 1)), with k > 2, and let Y be a compact subset of 
S + \ {pi,... ,pi}. 

At first, we construct functions with arbitrary low energy. For b > 0 
to be fixed, small enough, we consider the smooth non-decreasing cut-off 
function Xb ■ R + -A M + such that 


(4.29) 



for t £ [0, b] 
for t > 2b. 


For p > 0 and a = ff!l=i U&xi T Lfc, where Y k is the set of formal barycen- 
ters of order k defined on Y, see (2.1), we define 
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(4.30) : § 2 —> K, 


k 

'•p/j-.a ( x ) = log^fj 
i =1 


p 


1 + {nXb{dist(x,Xi))) 2 


2 


It can be easily seen that for b sufficiently small and for p large enough 
| G W} C X, where X is introduced in (1.13), and, noticing that 
K is strictly positive on Y, we can argue as in [25] to obtain the following 
result. 


Lemma 4.11. Given L > 0 there exist a small b and a large p{L) such that for 
p > p(L), (p^a- € X and I a (<£V,<t) < ~L for any a G Y k . 

Remark that as a direct consequence of Lemma 4.11, I\ is not bounded 
from below. Moreover, by direct computations one can derive the following 
result. 


Lemma 4.12. Let (p^ a be defined in (4.30). Then for any a G Y k , 


e^' CT Xs+ 
f S + e ^ a dV 9 


us fi —y -l-oo. 


4.2.2. A G (87t, 167t). 

Let us consider the set (~)\ introduced in (4.28), which is non contractible 
by Remark 4.9, both under the assumptions of Theorem 1.2 or Theorem 1.4, 
namely if (H4) or (H5) holds. 

Let us now map 0^ into arbitrary low sublevels of I\. 

Let a = max ctj or a = 0 if J\ = {r>\.... ,pA or i = 0. For any 

a € [a, ^ — l), y > 0 and p G 0a, we define 


(4.31) : S 2 — t M, <Pw, a {x) -21og( 1 + M dist{x,p)))^+<*)) ’ 

Lemma 4.13. Given any L > 0, there exist a small b and a large p(L) such that 
for any p > p(L), G X, and I\(<p^p, a ) < -L for any p G © A . 

Proof. The proof follows combining results of [25, 26, 38]. We just point 
out that for b < f , where 0 appears in the definition (4.28) of 0 A , B p (b ) is 
compactly contained in S + , thus we can use the detailed computations in 
[38] in order to estimate the logarithmic term of the functional. □ 

In particular, the previous result shows that I\ is unbounded from below. 
Moreover, as stated in the following result, the unit measures induced by 
Ke'Ci‘,p.» xs+ concentrate around p as fi +oo. 


Lemma 4.14. Let be defined in (4.31). Then for any p G 0 A , 


Ke ip i J -’ p ’ OI xs+ 
f s+ Ke v> i J : p - a dV go 


as p —> Too. 


Proof. See Lemma 5.2 of [38]. Just minor modifications are needed. 


□ 
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5. Proofs of Theorems 1.2,1.4 and 1.7 


In this section, we employ the previous results to prove Theorems 1.2 
and 1.4. The proof is based on a min-max argument relying on the non triv¬ 
ial topology of the low sublevels of I\, which inherit the non contractibility 
of the sets T k , (P N+ )k or @\ (defined in Proposition 4.1 and in (4.28) respec¬ 
tively) depending on the cases. 

At this point, we are ready to prove Theorems 1.2 and 1.4. Let us intro¬ 
duce some notations related to the min-max scheme in order to unify the 
proofs of Theorem 1.2 and Theorem 1.4 


C 


Yk if Ao G (87 t k, 8n(k + 1)), k > 2, 
©A 0 if A 0 G (87t, 167t), 


where 0 Ao is defined in (4.28) and 

_ ( P N+ if N+ > k, 

[ T if S + has a connected component which is non-simply connected , 


with P N+ and T introduced in Proposition 4.1. 
Moreover, we set 


uj = 


o- G Y k 
p e ©Ao 


if Ao G (87 rk, 8-7T(A: + 1)), k > 2, 
if Aq G (87t, 167t), 


_ I Pp,a if Ao G (87T k, 8ir(k + 1)), k > 2, 
\pii,p,a if Ao G (87T, 167t). 

Next, we define the topological cone C over C as 


C = (Cx [0,1])/(C x {1}), 


where the equivalence relation identifies all the points in C x {1}. We will 
denote by [oj, t] an element of C, where a; G C and t G [0,1], and sometimes, 
with an abuse of notation, we will identify [w, 0] with uj. 

Then let us choose e > 0 such that (Ao — s, Ao + e) C (87tA;, 8n(k + 1)), 
J\ = J Ao and so 0 A = ©a 0 f« r any A G (A 0 - e, A 0 + e). 

Next, let us introduce the following class 

Gp,x = {g ■ C —> X | g is continuous and g([oj, 0]) = (p^ for every oj G C }. 

Notice that / 0, indeed if we fix v G A the map g v : C —t X, defined as 
g v ([w, *]) = ^(te 1 ' + (1 - t)e^- w ), belongs to G^\. 

Let us now fix L > 0 so large such that both Proposition 4.1 and Propo¬ 
sition 4.8 apply and in turn /i > 0 so large that ,uj) "P —L for any ui G C 
and any A G (Ao — s, Ao + e). 

The latter choice is possible in view of Lemma 4.11 and Lemma 4.13. 
Next proposition will be crucial in our min-max argument. 


Proposition 5.1. If a\,... ,a m > 0 and under assumptions (HI), (H2), (H3) 
and (H4) or (H5), for any A G (Ao — e, Ao + e) and any g G G^ y \, then the 
composition 4^ o g\ c is homotopically equivalent to the identity map, where 4' is 
defined in Proposition 4.1 for k > 2 and Proposition 4.8 for k = 1. Moreover, g(C) 
is not contractible in If L . 
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Proof. Let us introduce the homotopy 

H : [p, +oo) x C —> C 

(t,ui) '—> H(t,u) = 'L o (p tjW . 

Combining Lemma 4.12 with Proposition 4.1 or Lemma 4.14 with Proposi¬ 
tion 4.8 we obtain that 

H(t,oj)—>u as t —> +oo, 

so H realizes the desired homotopy equivalence. 

In turn, by virtue of assumption (H4) or (H5) and our choice of e, C is not 
contractible, see Remark 4.2 and Remark 4.9. The above assertion implies 
easily that g(C) is also not contractible. □ 

We now define the min-max value 

Qn,x= inf sup I x (g{z)). 

, g £ 

Lemma 5.2. If cxi,, a m > 0 and under assumptions (HI), (H2), (H3) and 
(H4) or (H5), G^x > -L for any A € (A 0 - e, A 0 + e). 

Proof. For any g £ G^.x, clearly g(C) is contractible in g(C), being C con¬ 
tractible in C. On the other hand, by Proposition 5.1, g(C) is not contractible 
in If L , so that, g(C) f- If L , namely there exists z £ C such that I\(g(z )) > 
—L. □ 


Consequently Lemma 5.2 together with our choice of L and // imply that 
Gf,,\ > uvax{Ixig^iz)) : z G C) and this provides a min-max structure. Un¬ 
fortunately, the Palais-Smale condition is not known to hold for I\ and to 
overcome this difficulty we will use the well-known monotonicity method 
of Struwe, introduced firstly in [44], Since this argument has been applied 
many times even for this functional, as for instance in [25, 26, 38], we will 
be sketchy. A starting point to apply this trick is the following easy mono¬ 
tonicity result. 


Lemma 5.3. The function A -4^ is monotonically decreasing. 


Proof. Just observe that, for A < X', 

I\(u) _ I\’(u) _ 1 A _ 1\ 
A A' “ 2 VA A7 


|Vu| 2 dV go > 0. 


Since is a min-max value for I the previous estimate implies the 

~Q 

monotonicity of . □ 

Proofs of Theorem 1.2 and Theorem 1.4. Let Ao € (8nk, 8n(k + 1)) \ P{af), for 
some k > 1 and consider A € (Ao — e, Ao + e) as above. By Lemma 5.3 we 
obtain that the set 

Ek = { A e (Ao — e, Ao + e) : the map A i-a G^x is differentiable at A} . 

is dense in (Ao — e, Ao + e). Moreover, for any A £ E k , there exists a sequence 
u n C X which is bounded in 1L 1 (§ 2 ), I\(u n ) —> G^^x and I' x (u n ) 0, and 
in turn this implies that for any A £ E k there exists u\ critical point of I\. 
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Indeed since u n is bounded, up to a subsequence, u n u\ and standard 
arguments show that u n —> u\ strongly where u\ is a critical point for I 
Finally, since we are assuming (£, g) = (§ 2 . gf) we can apply Theorem 3.1 
and find a solution u\ 0 to (1.9) with A = Ao- 
This concludes the proofs of Theorem 1.2 and Theorem 1.4. 

□ 


At last we prove the non existence result, namely Theorem 1.7. 

Given a point p € § 2 and a function F € F p , defined in (1.17), the strategy 
to prove the Theorem 1.7 is to construct a function Kp defined in § 2 such 
that the stereographic projection of K = Ke~ hl in M 2 is a radial function 
which verifies the mono tonicity condition (2.16) and then apply Theorem 
2.10. 

Proof of Theorem 1.7. Let us fix a function F = F(ip) in T v expressed in 
spherical coordinates, where without loss of generality we can suppose 
p = (0,0,1). Let h be the regular part of the function h\ introduced in 
(1.8) and define 

(5.1) K F (<p) = F(<p)e h Mg x (P(ip)) with p G (0, vr] , A>(0) = 0, 

where P : (0,7r] —> M 2 is the stereographic projection of § 2 into M 2 and 

/ 4 \ 

g\{y) = + | y | 2 ) 2 ) for y G M • B y ( 5 - 1 ) we have that 

Kf(p) = K F (<p)e~ hl ^ = F(p)ip 2a g x (P(p)) with ip G (0, 7r] , 

where log(<p) 2 “ corresponds to the singular part of —hi in spherical coordi¬ 
nates. 

Now, as done in Section 3, by means of the stereographic projection we 
transform (1.9) into 

—Au = Kf.x e v in M 2 , 
where v satisfies (3.5) and 

KfM = KF(P~\y))Xgf\y) = A F(p-\y)){p-\y)) 2a 

is bounded and verifies condition (2.16), being F G F p . 

At last to conclude it suffices to apply Theorem 2.10 with R = Kp, a- □ 
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